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Abstract: This study estimates entrainment rate and investigates its relationships with cloud 

properties in 156 deep convective clouds based on in-situ aircraft observations during the 

TOGA-COARE (Tropical Ocean Global Atmosphere Coupled Ocean Atmosphere 

Response Experiment) field campaign over the western Pacific. To the authors’ knowledge, 

this is the first study on the probability density function of entrainment rate, the 

relationships between entrainment rate and cloud microphysics, and the effects of dry air 

sources on the calculated entrainment rate in deep convection from an observational 

perspective. Results show that the probability density function of entrainment rate can be 

well fitted by lognormal, gamma or Weibull distribution, with coefficients of determination 

being 0.82, 0.85 and 0.80, respectively. Entrainment tends to reduce temperature, water vapor 

content and moist static energy in cloud due to evaporative cooling and dilution. Inspection of 

the relationships between entrainment rate and microphysical properties reveals a negative 

correlation between volume-mean radius and entrainment rate, suggesting the potential 

dominance of homogeneous mechanism in the clouds examined. In addition, entrainment 

rate and environmental water vapor content show similar tendencies of variation with the 
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distance of the assumed environmental air to the cloud edges. Their variation tendencies 

are non-monotonic due to the relatively short distance between adjacent clouds. 

Keywords: entrainment rate; deep convection; aircraft observations 

 

1. Introduction 

Convective parameterization significantly influences the cloud-radiation-climate interactions  

in models [1], as well as the simulations of precipitation [2], typhoon [3] and Madden-Julian 

Oscillation [4]. As an important parameter in convective parameterization schemes, entrainment rate 

(λ) affects the vertical transport of heat and moisture in convective clouds [5]. The increase of λ could 

even delay the diurnal phase of precipitation of convective clouds [6]. Therefore, λ has been studied 

intensively over the past decades. 

Most of the estimations of λ based on observational data have focused on non-precipitating shallow 

convection. In the early 1970s, Betts [7] inferred the correlation of conserved quantities between cloud 

and environment and developed a bulk-plume approach that has been widely used since then. For 

example, using total water content as a conserved quantity, Gerber et al. [8] obtained the vertical 

distribution of λ in maritime shallow convection with an average value of 1.3 km−1. Using the same 

conserved quantity from shallow convection off the coast of Hawaii, US, Raga et al. [9] also obtained 

the average λ to be 1.3 km−1.  

Besides the bulk-plume approach, Jensen and Del Genio [10] estimated λ in convective clouds 

using the vertical variation of potential temperature in cloud obtained from surface-based remote 

sensing data. Based on the conservation of cloud mass, total water content and moist static energy, 

Norgren et al. [11] estimated the ratio of entrained mass to the total cloud mass and found that this ratio 

increased with height. 

Unlike shallow convection, the estimation of λ in deep convection has been mostly based on 

numerical simulations. For instance, applying the bulk-plume approach to large eddy simulations,  

Del Genio et al. [12] found that λ decreased in the development from shallow into deep convection and 

the surprisingly large value in mid- and upper troposphere was unique to continental convection, i.e., it 

was larger than the corresponding maritime value. Using a simple entraining plume model commonly 

used in parameterization of deep convection [13], Khairoutdinov and Randall [14] also found a smaller 

λ in deep convection compared to that in shallow convection, and found that the least entraining cloud 

could be modeled rather well by the entraining plume with λ = 0.1 km−1. Based on large eddy 

simulations, de Rooy et al. [15] calculated λ in maritime deep convection and the result showed 

that λ decreased from 1.5 km−1 to 0.1 km−1 with height below 2 km height and was roughly 

constant (~0.1 km−1) above 2 km height. 

The abovementioned studies have improved our understanding of the characteristics of λ. However, 

observational studies about λ in deep convection are rare, especially for probability density function 

(PDF) of λ, relating λ to cloud physical parameters, and considering the effects of different sources of 

entrained air on estimated λ. The objective of this work is to fill this gap by estimating entrainment rate 

in deep convection using aircraft observations from the TOGA-COARE (Tropical Ocean Global 



Atmosphere 2015, 6 1364 
 

Atmosphere Coupled Ocean Atmosphere Response Experiment) field campaign, which was conducted 

over the western Pacific from November 1992 to February 1993. 

2. Method and Data 

2.1 Method 

The estimated approach in Gerber et al. [8] is used whereby λ is estimated from the difference of a 

conserved quantity (φ) between cloud and environment: 

,
1

ce

c

z φφ
φλ

−∂
∂=  (1)

where z is height, φc  and φe  denote conserved quantities in the cloud and environment, respectively. 

Moist static energy (MSE) is a particularly useful quantity because it provides a useful way of 

linking cloud thermodynamics and dynamics to study cloud mixing and entrainment processes [14]. 

Here, MSE is used as the conserved quantity because of its conservation in both dry and wet adiabatic 

processes and in the processes of entrainment and mixing in precipitating clouds: 

,qLgzTcMSE vp ++=  (2)

where cp is specific heat at constant pressure, T is temperature, g is acceleration of gravity, Lv is latent 

heat of condensation and q is specific humidity, respectively. Some other studies also used MSE as the 

conserved quantity when estimating λ using the tracer budget approach [16,17]. 

In Equation (1), ∂φc/∂z is the vertical gradient of φc in cloud. Here, ∂φc/∂z is calculated as the 

difference between the MSE at the aircraft observation level and the cloud base divided by the depth 

between the two levels; φc is calculated as the mean MSE of the two levels, assuming that λ is evenly 

distributed, i.e., constant from the cloud base to the observation level. When we assume the entrained 

air to be the same as the average environmental air far away from the clouds, φe is taken as the MSE at 

the level half way between the observation level and the cloud base from the vertical profile of 

environmental MSE. The method to obtain this profile will be introduced in the next section. On the 

other hand, when we assume the entrained air to come from the vicinity of the cloud edge as in some 

recent studies [18–20] in Section 3.3, φe is calculated as the mean value between the environmental 

MSE near the cloud edge at the observation level and MSE at the cloud base. Horizontal distances (D) 

between this nearby environmental MSE and the cloud edges are 100, 200, 300, …, and 800 m, with 

an interval of 100 m. The dependence of λ on D is examined in Section 3.3. 

2.2. Data 

TOGA-COARE was a large international field experiment conducted in 1992–1993 to study the 

atmospheric and oceanic processes over the “warm pool” region of the western Pacific [21]. There 

were 32 aircraft observation missions (R1~R32) of deep convection carried out by the NCAR 

(National Center for Atmospheric Research) Electra research aircraft and the total flight time was 204 

hours. The horizontal flights were approximately at the heights of 1500 m, 3000 m and 5000 m and all 

the data from these heights are used in this study. The primary observation instruments and observed 

properties include FSSP-100 probe (cloud droplet size distribution, range from 2 to 45 μm in diameter; 
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accuracy: ±20% in diameter and ±16% in concentration), radome gust probe (updraft velocity), Ophir Ⅲ 

radiometer (temperature), T-Electric hygrometer (dew-point temperature and water vapor mixing ratio, 

accuracy: ±5 °C), and 260X OAP cloud probe (range from 40 to 600 μm in diameter). 

Individual clouds need to be identified before applying the abovementioned approach  

to the TOGA-COARE flight observational data. The following criteria are used in this study. Liquid 

water content (LWC) must be larger than 0.001 g·m−3 and cloud droplet number concentration (N) 

must be greater than 10 cm−3 [22]. Given that the bulk-plume approach is only appropriate for 

developing clouds, the percentage of updraft within a cloud must exceed 80% [8] and the cloud 

penetration time must be longer than 5 s [11] to eliminate the clouds that are too small. There are a 

total of 156 clouds satisfying these criteria. One hundred and twenty-eight clouds have temperature 

higher than 0 °C. The temperature in the remaining 28 clouds is in the range of −10–0 °C and 

supercooled liquid water is expected to be dominant with negligible ice particles [23]. The PDF of 

horizontal cloud size (calculated as the product of the penetration time in cloud and the aircraft speed) 

is close to lognormal distribution and roughly decreases with the increasing horizontal size when size 

is larger than 600 m (Figure 1). This result is similar to previous observations [24] and simulations [25], 

and will be utilized to examine the correlation between λ and cloud size in Section 3. 

 

Figure 1. Probability density function of horizontal cloud size. The red line is fitted 

lognormal distribution. Mean (μ), standard deviation (σ) of the logarithm of horizontal 

cloud size and coefficients of determination (R2, a statistical measure of how well the 

regression line approximates the real data points) for the lognormal fit are also provided. 

The specific procedures for estimating the cloud base are as follows: Calculate the temperature (T) and 

dew-point temperature (Td) obtained from the aircraft vertical sounding in the environment far away 

from the cloud, apply a moving average with 200 m in the vertical to filter out small-scale noises, and 

then obtain the vertical profile of MSE. Lifting condensation level (LCL, the black horizontal line and 

approximately 400m high in Figure 2), which is assumed to be the cloud base, is obtained from the T 

and Td at the height of approximately 100 m where MSE is the largest (Figure 2). As an example, Figure 2 

shows both the original and averaged vertical profiles of T and Td and the corresponding MSE profile 

in the R28 case (6 February 1993); the red points represent the mean MSE values in each cloud. 
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(a) (b) 

Figure 2. Aircraft vertical sounding of R28 case: (a) Temperature (T) and dew-point 

temperature (Td) and (b) moist static energy (MSE), and the black horizontal lines represent 

the heights of LCL; the red points in (b) represent the mean MSE values in each cloud. 

3. Results 

3.1. PDF of λ 

PDF of λ is important for parameterization because the entrainment process can be treated as a 

stochastic process and that a more realistic parameterization of convection requires PDF of λ [17,26]. 

Multiple mass-flux parameterizations [27] and multiple-parcel models [28] also emphasized the 

importance of representing the PDF of λ. 

Table 1. Three fitted probability density functions (PDFs) for entrainment rate (λ) and 

related parameters. 

Function Form Meaning of Parameters 
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c and q are scale and shape parameters, 

respectively. 

In this section, the PDF of λ is investigated with three commonly used PDF-functions, i.e., 

lognormal, gamma and Weibull distributions. These three PDF distributions and their associated 

parameters are listed in Table 1. Figure 3 shows the PDF of λ and the corresponding fitted lognormal, 

gamma and Weibull distributions and their corresponding parameters. The properties of the entrained 

air in Figure 3 are obtained from the aircraft vertical sounding. The results show that the PDF of λ can 

be well fitted by the any of these three distributions, with the coefficients of determination larger than 

0.80. This is true either for all the 156 clouds (Figure 3a) or only for the 92 clouds collected around 

3000 m height (Figure 3b). In terms of the coefficient of determination, gamma (0.85 and 0.87 in 
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Figures 3a and 3b, respectively) is slightly better than the other two distributions (0.82, 0.84 and 0.80, 

0.86 in Figures 3a and 3b, respectively). 

(a) (b) 

Figure 3. Probability density functions (PDFs) of entrainment rate with the properties of 

entrained air from the aircraft vertical sounding for (a) all 156 clouds, and (b) 92 clouds 

the observational heights of which are around 3000m. The coefficients of determination 

(R2) for the lognormal, gamma and Weibull fits are also given. 

Lu et al. [20] found that the PDF of λ was well fitted by lognormal distribution in shallow convection 

assuming that the entrained air was from the aircraft vertical sounding; their mean and standard deviation 

of the lognormal distribution were −0.41 and 0.65, respectively. The corresponding mean value and 

standard deviation of lognormal distribution in Figure 3a are −1.19 and 0.49, respectively (Table 2). 

Comparatively, the mean value in deep convection is smaller than in shallow convection, which is 

consistent with some numerical studies [12,14,29,30]. In addition, Cheng et al. [31] studied the PDF of λ in 

shallow convection on the scale of 5 m and they found that Weibull distribution was better than lognormal 

and gamma distribution to describe the PDF of λ. However, when they used the cloud-mean λ to fit PDF, 

they found lognormal was the better one. The results suggest that the optimal distribution of λ is different in 

shallow and deep convection, and may also be related to the scale of interest. To the authors’ knowledge, 

this study is the first one on the PDF of λ in deep convection from the observational perspective. 

Table 2. Related parameters for the three fitted probability density functions (PDFs) of 

entrainment rate (λ) in Figure 3. 

 μ σ a b c q 

156 clouds −1.19 0.49 4.04 0.09 0.39 1.88 
92 clouds −1.24 0.31 12.02 0.03 0.33 3.69 

3.2. Relationships between λ and Cloud Properties 

The PDF of λ indicates that different clouds have different values of λ; thus it is interesting to 

examine how cloud properties correspond to different λ [28]. The relationships of cloud properties to λ 

are important to understanding the interactions of dynamics, thermodynamics and microphysics in 

clouds at the 3000 m level (the aircraft observation level). 
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Microphysical properties change at different heights above the cloud base. To focus on the effects 

of λ on cloud microphysics and other related properties, only the data at the observational height 

around 3000 m are analyzed (Figure 4a–e). The reason to choose this height is that the number of 

sampled clouds is the largest; there are 92 out of the total 156 clouds at this height. It is noteworthy 

that the corresponding scatter plots at other heights (not shown) have similar tendencies. 

(a) (b) 

(c) (d) 

 
(e) 

Figure 4. Scatter plots of entrainment rate vs. (a) cloud droplet number concentration (N), 

(b) liquid water content (LWC), (c) temperature (T), (d) water vapor mixing ratio (MR), and 

(e) moist static energy (MSE) in clouds. Each legend provides the correlation coefficient (r) 

and the p value (a function used for testing a statistical hypothesis) of the correlation.  



Atmosphere 2015, 6 1369 
 

Figure 4 shows the relationships of λ to some key cloud properties. The correlation coefficients (r) in 

these figures, especially in Figure 4a,b, are relatively low, according to the criterion of Asuero et al. [32]. The 

reason is that these correlations are affected by many factors that are not included in the analyses. For 

example, Figure 4a shows the correlation between number concentration and entrainment rate. Besides 

entrainment rate, number concentration is affected by other factors, e.g., aerosol number concentration, 

aerosol chemical composition and vertical velocity. Thus, the correlation coefficient between number 

concentration and entrainment rate is expected to be low. Although the |r| is low, all correlations 

satisfy p < 0.01; thus, the results are still reliable. In addition, the weak negative correlations between 

entrainment rate and cloud microphysics are still similar to those found for shallow convection in other 

studies in spite of the noisy data [22,31]; the mechanism is that a larger entrainment rate results in 

more dilution and evaporation of cloud droplets. 

(a) (b) 

Figure 5. Scatter plots of (a) volume-mean radius of cloud droplets vs. entrainment rate 

and (b) volume-mean radius vs. liquid water content. Each legend provides the correlation 

coefficient (r) and the p value of the correlation. 

Figure 5 further shows the correlation between volume-mean droplet radius (Rv) and λ, which 

provides important information on entrainment-mixing mechanisms [33,34]. In the case of 

homogeneous mechanism, all droplets within a cloud evaporate and their droplet sizes almost decrease 

at the same time, so the relationship between λ and cloud droplet radius should also be negatively 

correlated. In the case of extreme inhomogeneous entrainment-mixing mechanism, some cloud 

droplets that are close to dry air would evaporate completely while the remaining droplets do not 

evaporate; therefore, the mean droplet radius does not show significant variation with the increasing λ. 

Some studies proposed that the actual scenario in atmospheric clouds is between the two extreme 

mechanisms [33,35,36]. The negative correlation between λ and Rv indicates that the 

entrainment-mixing mechanism possibly tends to homogeneous. Figure 5b reveals that the relationship 

between Rv and LWC is significantly positive and also indicates the potential dominance of 

homogeneous entrainment-mixing mechanism This is similar to the mechanism in the lower part of 

stratocumulus cloud in Lu et al. [33] and cumulus cloud in Burnet and Brenguier [37]. Some other 

observational studies also found that homogeneous mechanism dominated in their analyzed  

clouds [22,36,38]. It is noteworthy that the entrainment of Cloud Condensation Nuclei (CCN) from 
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environmental air and the activation of CCN can cause some uncertainties in the analyses on 

entrainment-mixing mechanisms, because the activation of entrained CCN can increase the number 

concentration of small cloud droplets. Since aircraft observation cannot distinguish the source of small 

droplets, whether from evaporation of big droplets or activation of entrained CCN, high-resolution 

models could be good tools to examine the effect of secondary activation on entrainment-mixing 

mechanisms, which deserves further study. 

The cloud properties in Figures 4 and 5 could be affected by precipitation. The relationship between 

precipitation and entrainment rate is added as Figure 6. Liquid water content from the 260X probe is 

taken to be precipitation. Figure 6 shows that only when λ is smaller than ~0.4 km−1, precipitation 

begins to appear. Entrained environmental air promotes the dilution and evaporation in cloud and 

hinders the growth of large cloud droplets (Figure 5) and the collision coalescence and further restrains 

precipitation. Qualitatively, more intensive precipitation corresponds to larger entrainment rate, which 

further causes smaller N, LWC, T, MR, MSE and Rv. Precipitation is produced from cloud 

development. However, after precipitation appears, precipitation begins to weaken cloud development. 

Cloud models or cloud-resolving models could be good tools used to study the quantitative effect of 

precipitation in the future. 

 

Figure 6. Scatter plots of entrainment rate vs. precipitation. 

Macrophysical cloud properties could influence λ as well. Figure 7 shows the influence of the 

horizontal cloud size on obtained λ. The correlation here is still low and the similar reason has been 

discussed in the analysis on Figure 4. The positive correlation between λ and the reciprocal of cloud 

size is similar to theoretical expectation that for smaller clouds, turbulence and entrainment near cloud 

edge could more significantly influence cloud properties. Generally speaking, for large clouds, the 

environmental dry air is relatively far away from the cloud cores. Therefore, dilution from the 

environmental entrainment does not affect the clouds as much. The inverse correlation between λ and 

cloud size has been used by some parameterizations [13,39–41], and our observations support such use 

to some extent. The reason for using the reciprocal of cloud size is to make the relationship linear. 
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Figure 7. Entrainment rate as a function of the reciprocal of horizontal cloud size and also 

provided in legend is the correlation coefficient (r) and the p value of the correlation. 

3.3. Effects of Different Sources of Environmental Air on λ 

Environmental air usually entrains into cloud across the interface between clouded air and clean air, 

such as lateral interface which is assumed in this study. The properties of dry air are often assumed to 

be obtained from the aircraft vertical sounding far away from cloud edges when using the tracer budget 

approach [8]. However, some studies pointed out that the entrained air derives from the humid shell 

around the cloud [18,19]. In addition, the optimal selection of D (defined in Section 2.1) in different 

models is also inconsistent [18]. Therefore, the effects of different assumed sources of environmental 

air on estimated λ for deep convection needs to be further investigated. The purpose of setting D to 

different values in this study is to test the sensitivity of the estimated λ to the varying D values. 

Horizontal distances (D) between entrained air and cloud edges are assumed as 100, 200, 300 …, 

and 800 m in Figure 8. Figure 8a illustrates the effects of different sources on λ, where the average λ 

(including the total 156 clouds) roughly decreases with increasing D except a weak increase of λ when  

D is from 400 to 600 m. The PDF in Figure 9 shows that many distances between adjacent clouds are 

within 1 km. This indicates that the non-monotonic variation in Figure 8a may be related to the 

relatively short distances between adjacent clouds and their mutual influences. In order to gradually 

eliminate this influence from other clouds, such as excluding the clouds with distances less than 

300, 600 and 900 m (Figure 8b–d) from the total 156 clouds, the increasing tendencies of λ around 

400 m gradually disappear. 

The similar trend also appears in the variation of the environmental MR with D. MR generally 

decreases with increasing D, but increases when D is from 400 to 500 m (Figure 8a); this increasing 

trend gradually disappears in Figure 8b–d when excluding clouds that are close to their neighboring 

clouds. Figure 8d shows that both λ and MR monotonically decrease with increasing D, which is 

similar to the results in Lu et al. [20]. It is noteworthy that they eliminated the clouds that are too close 

to their surrounding clouds using a time threshold. 
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(a) (b) 

(c) (d) 

Figure 8. Entrainment rate and environmental water vapor mixing ratio as a function of 

distance of the assumed entrained dry air to the cloud edges when (a) including all clouds, 

and excluding the clouds the distance between which and their nearby clouds are less than 

(b) 300 m, (c) 600 m, and (d) 900 m. 

The above analysis suggests that a different assumed source of environmental air has significant 

effects on the MR in entrained air and the computed λ. In fact, the relationship between MR and λ 

results essentially from Equations (1) and (2). The average λ obtained from the aircraft vertical sounding is  

0.4 km−1, which is smaller than the results assuming that the dry air is obtained from the nearby 

environmental air; the reason is that the environmental MR (11.5 g·kg−1) from the vertical sounding is 

smaller. Similar results have also been found by some numerical [18,19] and observational  

studies [20]. In addition, Romps [18] suggested that the entrained air of a convective cloud derives 

from the humid shell itself or other clouds by large-eddy simulation. Our study confirms his simulated 

results from an observational perspective. Therefore, apart from the selection of the optimal D to estimate 

λ as proposed by Lu et al. [20], the influence from surrounding clouds to the estimation of λ also needs 

to be considered for the parameterization of λ in models. 
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Figure 9. The probability density function of the distance between adjacent clouds. 

4. Conclusions 

Entrainment rates (λ) in the 156 growing deep convective clouds from the TOGA-COARE field 

campaign are estimated using the bulk-plume approach. Probability density function (PDF) of λ, the 

relationships between λ and cloud properties, and the effects of dry air sources on the calculated λ in 

deep convection are examined. To the authors’ knowledge, this is the first study of such kind in deep 

convection from an observational perspective. 

It is found that PDF of λ can be well fitted by lognormal, gamma or Weibull distribution. More 

entrained environmental dry air possibly leads to decreases in cloud-mean number concentration (N) 

and liquid water content (LWC) due to dilution and evaporation of cloud droplets in spite of low 

correlation for noisy data. Because of evaporative cooling and dilution, entrainment also reduces 

temperature (T) and water vapor mixing ratio (MR) in clouds. With the simultaneous decreases in T 

and MR, a large λ corresponds to a decrease in the cloud-mean moist static energy (MSE). The 

negative correlation between volume-mean radius (Rv) and λ possibly indicates the potential 

dominance of the homogeneous entrainment-mixing mechanism. The entrainment of CCN and its 

activation is another factor that leads to the increase of small cloud droplets and needs to be further 

investigated. In addition, more intensive precipitation corresponds to larger λ, which further causes 

smaller N, LWC, T, MR, MSE and Rv. 

Different assumed sources of environmental air have significant effects on the MR in entrained air 

and the estimated λ. Entrainment rate and environmental MR show similar variation tendencies with 

the increasing distance (D) of the assumed environmental air to the cloud edges. The average λ 

obtained from aircraft vertical sounding is smaller than the λ assuming environmental air is near the 

cloud because of comparatively smaller MR vertical sounding. The relatively short distances between 

adjacent clouds cause the variation tendencies of both λ and water vapor content to be non-monotonic. 

Both the selection of the optimal D and the influence from surrounding clouds need to be fully 

considered for the parameterization of λ in models. 
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